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EFGHIJIG K LMNGIO PQGHRPOJSTG UG VWXQUG NVYQG NXVYHJMPG IJHITVYJHGZGQO[

\]^_`a_b c` d]efgahf`a]_ i]gfe jj\k
l_c ]_mc def_c f d]ng opfqd reco`gasnc

−→
E (z, t) =

∣

∣

∣

∣

∣

∣

E0 cos(ωt − kz)
E0 sin(ωt − kz)
0t[ unce ch` evr`f` mc d]efgahf`a]_ mc oc``c ]_mc wx[ y]_`gcg snc oc``c ]_mc ch` ef hndcgd]ha`a]_ mc mcnz ]_mch def_ch d]efgahrch gco`aeab_cqc_`{

−→
E 1(z, t)

hce]_ −→u x
c` −→E 2(z, t)

hce]_ −→u y
{ mc q|qc }co`cng mv]_mc −→

k = k−→u z
[

~[ �_ mrmnagc ech }co`cngh −→B 1(z, t) c` −→B 2(z, t)
dnah ec }co`cng grhne`f_` −→B (z, t)

[
�[ �_ mrmnagc ec }co`cng mc \]^_`a_b −→

Π(z, t)
[

�[ j]qqc_`cg ec grhne`f` ]�`c_n[
EFGHIJIG � �VPZGQOM UG VY O�PXHJG UGM VYZGM � HGOYHU[

�rdpfhfbc c` d]efgahf`a]_ i]gfe jc_`gfeck
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{ mvrdfahhcng e �o]qdgahc c_`gcech def_h z = 0 c` z = e�{ `faeerc mf_h n_ qaeacn `ce snvn_c �\\� \  hce]_ evfzc gfdamc −→u X�gchdco`a}cqc_` evfzc ec_` −→u Y � ec `gf}cghc � ef orerga`r cX �gchdco`a}cqc_` cY � ¡ ]_ hndd]hc snc

cX > cY
[ ¢]a` n_c ]_mc a_oamc_`c �\\�y mc }co`cng mv]_mc −→k = k−→u X

{ d]efgahrc gco`aeab_cqc_`m]_` ec opfqd reco`gasnc �fa` n_ f_bec α f}co −→u X
c` mc dpfhc _neec c_ z = 0

[
t[ �]__cg evczdgchha]_ mc −→

E (z, t)
d]ng z ≤ 0

[
x[ �_ mrmnagc snc oc``c ]_mc ch` ef hndcgd]ha`a]_ mc mcnz �\\�y \  mc opfqdh reco`gasnch

−→
E X(z, t) c` −→

E Y (z, t)
hce]_ gchdco`a}cqc_` −→u X

c` −→u Y
[ \groahcg ech czdgchha]_h mc −→

E X
c`

−→
E Y

d]ng z ≤ 0
[

t



~[ �vfdg�h ec dga_oadc ]_mnef`]agc{ oc sna hc dfhhc c_ z = e ch` oc sna hvch` dfhhr c_ z = 0 � ef
mf`c t � ef mngrc snc qc` ev]_mc � `gf}cghcg ef efqc[ �_ mrmnagc ech czdgchha]_h mc −→

E X
c`

−→
E Y

d]ng z ≥ 0
[

�[ �_ mrmnagc evczdgchha]_ mc −→
E (z, t)

d]ng z ≥ e
[

�[ �r`cgqa_cg ef denh dc`a`c }fecng mc e
d]ng efsnceec ev]_mc rqcgbc_`c ch` d]efgahrc ceead`asnc�qc_` f}co d]ng fzc dga_oadfnz −→u X
c` −→u Y

[ j]qqc_` _]qqc�`�]_ fe]gh n_c `ceec efqc w
�nh`a�cg oc``c fddceef`a]_[

EFGHIJIG � �XU�VG N�XOXQJSTG� �XJVG MXVYJHG� IXTH�THG UG VY STGTG UGM IXZ�OGM[
\]^_`a_b{ r_cgbac reco`g]qfb_r`asnc }]enqasnc i]gfe jc_`gfeck

�f_h ec q]m�ec dp]`]_asnc{ ]_ snf_`a�c ev]_mc reco`g]qfb_r`asnc mf_h ec }amc[ 	c snf_`nq ch`fddcer ec dp]`]_ ¡ hch ofgfo`rgah`asnch h]_` ech hna}f_`ch 

•

hf }a`chhc ch` rbfec � ef orerga`r mc ef enqa�gc mf_h ec }amc{ c0
[

•
¢]_ r_cgbac `]`fec ch` rbfec fn dg]mna` E = hν

{ ]� h ch` ef o]_h`f_`c mc \ef_o� c` ν ef�grsnc_oc mc ev]_mc reco`g]qfb_r`asnc fhh]oarc[
• 
ac_ snc hf qfhhc h]a` _neec{ ae d]hh�mc n_c aqdneha]_ sna hvamc_`a�c{ c_ qrof_asnc oefhhasnc{� ef snf_`a`r mc q]n}cqc_` �]n grhne`f_`c oa_r`asnc c_ qrof_asnc mn h]eamc� −→p = hν

c0

−→u x]�� λ ch` ef e]_bncng mv]_mc c` −→u x
ec }co`cng n_a`fagc magco`cng mc dg]dfbf`a]_ mc ev��y

fhh]oarc[�_ fhhaqaec{ `f_` mvn_ d]a_` mc }nc r_cgbr`asnc snc qrof_asnc{ n_c �\\�y\  � n_ �]` mcdp]`]_h ¡ ]_ mr�_a` c_ dfg`aoneacg n0
o]qqc r`f_` ec _]q�gc q]^c_ mc dp]`]_h a_oamc_`h dfgn_a`r mc }]enqc �n_a`r m−3�[

t[ �POGHZJQYOJXQ UG VWGFNHGMMJXQ UG n0
[ ¢]a` −→E

∣

∣

∣

∣

∣

∣

0
E0 cos(ωt − kx)
0

ec opfqd reco`gasnc mc
ev��y a_oamc_`c[ �]__cg evczdgchha]_ mn opfqd qfb_r`asnc[
�f� \gcqa�gc qr`p]mc 
 gfddcecg evczdgchha]_ mn }co`cng mc \]^_`a_b fhh]oar c_ �]_o`a]_ mc

ε0
{
c0

{
E c` −→u x

[ �]__cg hf }fecng q]^c__c mf_h ec `cqdh hng n_ def_ mvf�hoahhc x
�zrc[ fddcecg evczdgchha]_ mc ef }fecng q]^c__c mc ef dnahhf_oc a_oamc_`c < dP > � `gf}cghn_c hng�foc d

−→
S = dS−→u x

[ �]__cg evczdgchha]_ mn _]q�gc mc dp]`]_h dN �gfddf_` dSdc_mf_` dt c_ �]_o`a]_ mc n0
{
c0

{
dt c` dS

[ �_ mrmnagc evr_cgbac o]ggchd]_mf_`c dE c_�]_o`a]_ mc n0
{
c0

{
dt

{
dS

{
h c` ν

dnah ef dnahhf_oc fhh]oarc < dP >= dE
dt

[ �_ amc_`a�f_`ech mcnz czdgchha]_h mc dP
{ c_ mrmnagc evczdgchha]_ mc n0

c_ �]_o`a]_ mc ε0
{
E0

{
h c` ν

[
��� �cnza�qc qr`p]mc 
 gfddcecg evczdgchha]_ mc evr_cgbac reco`g]qfb_r`asnc }]enqasnc c_�]_o`a]_ mc ε0

{
E
{
µ0

c` B
dnah c_ �]_o`a]_ mc ε0

c` E
hcnecqc_` d]ng ev�\\�y\ 

o]_hamrgrc[ �_ mrmnagc hf }fecng q]^c__c mf_h ec `cqdh
< uem >

hng n_ def_ mvf�h�oahhc x
�zrc c_ �]_o`a]_ mc ε0

c` E − 0
[ �]__cg mvfn`gc dfg` evczdgchha]_ mc evr_cgbacdp]`]_asnc q]^c__c dfg n_a`r mc }]enqc c_ �]_o`a]_ mc n0

{
h c` ν

[ �_ amc_`a�f_` echmcnz czdgchha]_h mc < uem >
{ c_ mrmnagc evczdgchha]_ mc n0

c_ �]_o`a]_ mc ε0
{
E
{
h c`

ν
[

�o� �zdeasncg{ fn }n mc evrsnf`a]_ e]ofec mc \]^_`a_b{ d]ngsn]a ]_ `g]n}c ec q|qc grhne`f`[x[ �POGHZJQYOJXQ UG VY NHGMMJXQ N�XOXQJSTG� YNNGVPG YTMMJ NHGMMJXQ UG HYUJYOJXQ[ �_o]_ham�gc n_c defsnc dfg�fa`cqc_` gr�ropahhf_`c mf_h ec def_ mv]_mc �o]_`c_nc dfg czcqdecmf_h ec def_ x = 0� mc hng�foc dS
[ �_ }cggf mf_h n_ fn`gc czcgoaoc eva_`cgdgr`f`a]_ ]_mnef`]agcmc hch dg]dgar`rh[ �f_h ec q]m�ec dp]`]_asnc{ opfsnc dp]`]_ a_oamc_` gc�]_ma` c_ hn�ahhf_`n_ op]o refh`asnc{ oc sna aqdeasnc c_ dfg`aoneacg snc evaqdneha]_ −→p f

mn dp]`]_ fdg�h ecgc�]_m ch` czfo`cqc_` ]dd]hr � evaqdneha]_ a_oamc_`c −→p i
[

�f� �zdgaqcg ef }fgaf`a]_ mvaqdneha]_ δ−→p = −→p f −
−→p i

hn�ac dfg n_ dp]`]_ c_ �]_o`a]_ mc
h
{
ν c` c0

[
��� j]q�ac_ mc dp]`]_h dN

hn�ahhc_`�aeh oc gc�]_m hng ef defsnc dc_mf_` dt w �_ czdgaqcgfec grhne`f` c_ �]_o`a]_ mc n0
{
c0

{
dt c` dS

[

x



�o� \fg fddeaof`a]_ mn � j{ c_ mrmnagc ef �]goc−→f p→ϕ
czcgorc dfg ef defsnc hng ech dp]`]_ha_oamc_`h c_ �]_o`a]_ mc n0

{
h
{
ν
{
c0

{
dt

{
dS c` −→u x

[ �_ mrmnagc ef �]goc −→
f ϕ→p

czcgorcdfg ech dp]`]_h a_oamc_`h hng ef defsnc[
�m� �_ mrmnagc ef dgchha]_ dp]`]_asnc{ ]n dgchha]_ mc gfmaf`a]_ P

hn�ac dfg ef defsnc mcef dfg` mch dp]`]_h c_ �]_o`a]_ mc ε0
c` E0

[
~[ �XJVG MXVYJHG[ l_ }fahhcfn hdf`afe n`aeahc n_c }]aec h]efagc{ def_c{ mc hng�foc S

{ `c_mncf}co ¢]ecae fgga�gc �}c_` fgga�gc magfac_` ech qfga_h�[ �_ m]__c ε0 = 8, 854 · 10−12F · m−1c`
G = 6, 67 · 10−11kg−1

· m3 · s−2 [ 	f dnahhf_oc reco`g]qfb_r`asnc gf^]__rc dfg ec ¢]ecaech`
PS = 3, 82 · 1026 �[ 	f qfhhc mn ¢]ecae ch` mS = 2 · 1030kg

[ �_ _]`c r ef mah`f_oc¢]ecae�}fahhcfn c` m ef qfhhc mn }fahhcfn �o]qdgc_f_` oceec mc ef }]aec�[
�f� �]__cg evczdgchha]_ mc ef �]goc f``gfo`a}c mc bgf}a`f`a]_ −→

f g
hn�ac dfg ec }fahhcfn mc efdfg` mn ¢]ecae[

��� �_ o]_hamrgf_` snc ef dnahhf_oc
PS

ch` rbfecqc_` ma�nhrc mf_h `]n`ch ech magco`a]_h mcevchdfoc{ q]_`gcg snc ef q]^c__c mc ef _]gqc mn }co`cng mc \]^_`a_b ch` < Π >= PS

4πr2

[
�o� �_ gcqfgsnf_` snc ef dgchha]_ mc gfmaf`a]_ _c mrdc_m dfh mc ef dnehf`a]_{ ]_ hndd]hcd]ng haqdea�cg snc ev��y gc�nc c_ r ch` def_c{ pfgq]_asnc c` q]_]opg]qf`asnc[ �]_�_cg evczdgchha]_ mn ofggr mc evfqdea`nmc E2

0
mn opfqd reco`gasnc c_ �]_o`a]_ mc

PS
{
ε0

{
c0

c` r
[

�m� �]__cg evczdgchha]_ mc ef �]goc q]`gaoc m�c � ef dgchha]_ mc gfmaf`a]_ −→
f r

c_ �]_o`a]_mc
PS

{
c0

{
S
{
r c` −→u r

[
�c� 	c }fahhcfn }cn` hvre]ab_cg mn ¢]ecae[ �_ mrmnagc evczdgchha]_ mn gfdd]g` m

S
qfzaqfe[

� snceec bgf_mcng hvamc_`a�c oc gfdd]g`{ ha ]_ hndd]hc snc ef qfhhc mc ef }]aec ch` `g�hhndrgacngc � oceec mc ef of�a_c w j]qdfgcg fnz }fecngh nhnceech d]ng ec dfdacg ¡ o]_oengc[�[ �XTH�THG UG VY STGTG UGM IXZ�OGM[ 	ch o]q�`ch h]_` mch fhhcq�efbch mc g]opch{ ofaee]nzc` mc befoc sna{ e]gh mc ecng dfhhfbc fn drgapreac{ hc mrhfbg�bc_`[ �_ hndd]hc snc ef sncncmvn_c o]q�`c ch` o]_h`a`nrc mc hdp�gch mc befoc mc gf^]_ R }fgaf�ec{ ech denh bg]hhch r`f_`ha`nrch dg�h mn _]^fn o]qr`fagc{ ech denh dc`a`ch fn �]n` mc ef sncnc[ jc``c o]q�`c ch` �ac_}aha�ec e]ghsnc ef sncnc ch` roefagrc dfg ec ¢]ecae{ � n_c mah`f_oc r mn oc_`gc mn ¢]ecae[
�f� \]ngsn]a ef �]goc mc bgf}a`f`a]_ czcgorc dfg ec ¢]ecae hng ef hdp�gc ch`�ceec mn `^dc

−K1 · R
3−→u r

w \groahcg evczdgchha]_ mc K1
c_ ]gmgc mc bgf_mcng[

��� \]ngsn]a ef �]goc mc dgchha]_ mc gfmaf`a]_ czcgorc dfg ec gf^]__cqc_` h]efagc ch`�ceecmn `^dc K2 · R
2−→u r

w \groahcg evczdgchha]_ mc K2
c_ ]gmgc mc bgf_mcng[

�o� y]_`gcg evczah`c_oc mvn_c }fecng oga`asnc mn gf^]_ mc ef hdp�gc{ Rc
{ `ceec snc ha

R > Rcef hdp�gc ch` f``agrc{ ha R < Rc
{ ef hdp�gc ch` f``agrc[

�m� �_ mrmnagc ef �]gqc dfg`aonea�gc o]ng�rc mc ef sncnc mch o]q�`ch[
EFGHIJIG � 	E� GQ NHPMGQIG UG NVYSTGM IXQUTIOHJIGM[

yfz
cee{ mahdcgha]_{ snf_`a�of`a]_ i]gfe �{ j� { 
� k
�_ opcgopc � mr`cgqa_cg ech ofgfo`rgah`asnch mvn_c ��y q]_]opg]qf`asnc hc dg]dfbcf_` c_`gcmcnz def_h o]_mno`cngh dfgfee�ech[ \]ng oce�{ ]_ m]a` mvf�]gm dgroahcg ech ofgfo`rgah`asnch mn opfqd�y � eva_`rgacng �dfg`ac t� c` fn }]aha_fbc �dfg`ac x� mvn_ def_ o]_mno`cng[ �_hna`c �dfg`ac ~�{]_ q]_`gcgf snvn_c ��y _]_ def_c dcn` hc dg]dfbcg c_`gc ech mcnz def_h{ c` snvae czah`c �ce c`�ac_ n_c gcef`a]_ mc mahdcgha]_{ �ac_ snc ec qaeacn mc dg]dfbf`a]_ h]a` ec }amc ¡ ]_ gc`g]n}c fa_hac_ reco`g]qfb_r`ahqc n_ f_fe]bnc mc ef mahdcgha]_ c_ fo]nh`asnc mf_h ec o]g_c` fo]nh`asnc[t[ 	E� UYQM TQ ZPOYV IXQUTIOGTH[ ¢]a` n_ qr`fe �]_ o]_mno`cng mc o]_mno`a}a`r γ mcev]gmgc mc 108 ¢

·m−1 [
�f� �ogagc ech rsnf`a]_h mc yfz
cee c_ _v]n�eaf_` dfh mc haqdea�cg evn_c mvceec fdg�h f}]agdgroahr evp^d]`p�hc h]nh efsnceec oc``c haqdea�of`a]_ ch` �nh`a�rc[
��� �_ mrmnagc ev��\ gcef`a}c fn opfqd reco`gasnc �]n fn }co`cng mc_ha`r mc o]ngf_`�[

~



�o� �_ opcgopc n_c h]en`a]_ o]qdeczc h]nh ef �]gqc
−→
E (x, t) = E0e

j(ωt−kx+ϕ)−→u y

�ogagc c` grh]nmgc evrsnf`a]_ mc mahdcgha]_[ �_ mrmnagc evczdgchha]_ mc−→E (x, t)
[ j]_oengc[

�m� �f_h ec ofh dfg`aoneacg mn qr`fe o]_mno`cng dfg�fa`{ ef grhah`a}a`r ρ ch` _neec{ m]_o h]_a_}cghc γ
`c_m }cgh eva_�_a[ �_ mrmnagc ef _neea`r mc −→E {−→

B
{
ρ c` −→j fn hca_ mn o]_mno`cngdfg�fa`[

�c� �fagc n_ `f�ecfn br_rgfe a_masnf_` d]ng opfsnc qaeacn �� }amc � grbaqc h`f`a]__fagc �

�u¢ � �]_ o]_mno`cng � mareco`gasnc � defhqf� ef ]n ech p^d]`p�hch o]_h`a`n`a}ch mnqaeacn{ ef �]gqc snc dgc__c_` ech rsnf`a]_h mc yfz
cee mf_h oc ofh c` ech dga_oadfecho]_hrsnc_och gcef`a}ch fn opfqd �y ]n fnz ��y[

x[ �HXNHJPOPM UT I�YZN E� YT �XJMQYRG UWTQ IXQUTIOGTH NYH�YJO[ �_ f mrq]_`gr �ef snch`a]_ dgrormc_`c snc ech snf`gc opfqdh h]_` _neh fn hca_ mn o]_mno`cng dfg�fa`[ \fghna`c{ ech opfgbch c` o]ngf_`h _c dcn}c_` |`gc snc hng�foasnch[ �_ _]`c σ c` −→j S
ech mc_ha`rhhng�foasnch mc opfgbc c` mc o]ngf_`[

�f�  fddcecg ech rsnf`a]_h mc o]_`a_na`r mch opfqdh −→
E c` −→

B � ef `gf}cghrc mc ef hng�focmn o]_mno`cng[
��� 	c qr`fe ]oondc ec mcqa�chdfoc x ≥ 0

[ l_c �\\�y\  a_oamc_`c fgga}c mf_h ec }amc mch
x < 0 f}co−→E i(M, t) = E0

−→u y cos(ωt−kx)
[ �_ mrmnagc −→B i

[ �r`cgqa_cg ech opfqdh reco�`gasnch c` qfb_r`asnch gr�ropah c` `gf_hqah o]_�]gqch f}co ech e]ah dgrormc_`ch[ y]_`gcgc_ dfg`aoneacg ef _neea`r mc σ c` mc −→
E (0, t)

[ j]qqc_` _]qqc�`�]_ oc``c o]_ma`a]_ fnzeaqa`ch w~[ 	E� GQOHG UGTF NVYSTGM[ l_c ��y hc dg]dfbc c_`gc mcnz defsnch qr`feeasnch dfg�fa�`cqc_` o]_mno`gaoch mvrsnf`a]_h z = 0 c` z = a
[ �_ opcgopc n_c h]en`a]_ h]nh ef �]gqc

−→
E

∣

∣

∣

∣

∣

∣

0

E(z)ej(ωt−kx)

0
et

−→
B

∣

∣

∣

∣

∣

∣

Bx(z)ej(ωt−kx)

udlBy(z)ej(ωt−kx)

Bz(z)ej(ωt−kx)

�f� �ogagc ech snf`gc rsnf`a]_h mc yfz
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